Notes on Continuous Phase Modulation (CPM)
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1. General Introduction

Continuous phase modulation is used to avoid the abrupt phase changes in PSK or FSK. This way
spectrum usage is less. It is based on (analogue) FM principle, where the waveforms with a carrier
and without are given by

u(t)= Re{exp[jZﬁfct—i—ﬁﬁ(t,a)]} = cos[27zfct —|—¢(t,a)]
s(t):exp[j¢(t,a)] (1.1)

where fis the carrier frequency. Apart from plotting the waveform to see the smoothing in phase
changes (thus causing reductions in bandwidth compared to the conventional PSK) , we will not use

the carrier, since its presence does not affect our analysis. So mostly we will deal with ¢(t,a). In

such a case, baseband modulated signal will become S(t) as shown on the second line of (1.1).

The term that will cause modulation is ¢(t,a) and will be related to the message signal which is

usually taken in the form of ASK (PAM) as follows
v(t)=>a,g, (t—kT) (1.2)

To establish FM in (1.1), we must relate ¢(t,a) to v(t) in the manner ¢(t,a) a fv(r)dr. Now
we wish to point out that a,s are symbols with duration 7" and taking on values for an Mary ASK

modulation ¥1, F3, F5, ----T-(M—l). This way a, symbols are time independent within a

symbol duration of 7. And the whole time dependence is embedded in the shaping waveform
gT ([)

g, (l‘) will take on different forms, but in all cases we ensure that it is normalized as
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* 1
:/;gr (¢) at =2 (1.3)

Now we examine the different cases of g, (t)
1) Rectangular (LREC)

For this case we define g, (t) as follows

1
S 0<t<LT
g (t)={2LT =is (1.4)

0 elsewhere

In (1.4), L is an integer determining over how many symbol durations g, (t) will extend. In literature,
L =1is known as full response, whereas L >1is named partial response. Since ¢(t,a)will be
derived from the integral of v(t), we would also be interested in the integral of g, (Z) By taking

L =1, theintegral of g, (t) which we denote by q(t) will be

, o dr= 0<r<T
q(t):fgr(r) dr = ; : : (1.5)
o f—dr:— t>T
o 2T 2

The plots of g, (t) and q(t) are givenin Fig. 1.1 for L =1.
Now by setting

=27hY aq(t—kT) (1.6)

& is known as the modulation index. Now consider (1.5) and (as done at the receiver) the symbol
interval [kT, (k—i—l)T]from (1.6)

¢(t,a)=27h|a, %—i— i 0.5a,

i=—00

k—1
= rrha, %— whka, +7h )’ a,

i=—00

:ﬂhak%—i—@ kT <t<(k+1)T , ¢ =rh

) a,.—kak] (mod27)  (1.7)

i=—00

Note that in (1.7) mod 27 means that we confine phase changes in the interval 0 to 27 or
sometimes —x to 7. Further note that with A=05and M =2, ¢(t,a) will be the phase

expression for minimum shift keying (MSK).
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2) Raised Cosine (LRC)

For an arbitrary L, g, (t) in this case is

27t
g (t)= E[ O Ir

0 elsewhere

0<¢t<LT

(1.8)

The other g, (t) waveforms are Spectrally Raised Cosine (LSRC), Tamed Frequency Modulation
(TFM) and Gaussian Minimum Shift Keying (GMSK).

t gT(t) A Q(t)
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g, (1) - raised cosine with L =3
q(t)-raised cosine with L

Fig. 1.2 Raised cosine shaping waveform g, (t) and its integral q(t) for L=23.
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Fig. 1.3 GMSK shaping waveform g, (t) and its integral q(t) for BT =3.

2. Phase States of CPM Signals

As seen from the previous section in CPM, the whole matter revolves around the (total) phase term
¢(t,a) which is past dependent as seen from (1.7). This means that CPM has memory and it can be

represented in (phase) states and in trellis diagram. To generalize (1.7) for any L, we rearrange it as
follows

H(t,a):27rh Zk: aiq(t—iT) , Gk:ﬂh[H a‘.) (mod27r) (2.1)

i=k—L+1

i=—00

The separation in (2.1) implies that l9<t,a) is the instant phase, representing the changing part of the

phase in the time interval [kT, (k—i—l)T]. On the other hand 6, is the cumulative phase (coming

from the past) in the same time interval.
By further analysis, it is possible to simplify the contributing terms of Q(I,a) and 6, in ¢(Z,a).

If modulation index is a rational and it can be written as 2= 2m/ p where m and p have no

common factors and bearing in mind that a can only take on values such as

113 133 159 i(M_l)then'

k—L
0, = 2]’}1_72’[ > a, | = integer multiple of 2z
p = p
Number of phase states due to 6, is 27 /(27 / p)=p (2.2)

From (2.1) for different values of L, Q(I,a) can be written as (for the time interval [kT, (k + I)T])

6’(t,a> = Zﬂhakq(t —kT) for L=1
0(t,a)=2xh[a,_q(t—kT +T)+a,q(t—kT)] for L =2
0(t,a)=2rhla,_,q(t—kT +2T)+a,_q(t—kT+T)+aq(t—kT)  for L=3 (2.3)

Considering at t = kT, q(t—kT) =0, the (maximum) number of phase states attained by ¢<t,a)
will be the combination of phase states attained by 6, and H(I,a) . We express this as

N(Dk = pM*'where pis due to cumulative phase ,0 and M*is due to instant phase H(I,a).
Now at t = kT, (2.3) will become
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0(kT,a)=2zha,q(0)=0 for L=1
O(kT,a)=2zha, q(T) for L=2
0(kT,a)=2zh|a, ,q(2T)+a, q(T)] for L=3 (2.4)

As seen from the first line of (2.4), that is for L =1, H(kT,a) will always be zero, so the sole

contribution to ¢(t,a) will come from 6, . And we note from (2.1) that 6, can be computed

recursively as shown below
Hk = 91;71 =+ ﬁhak% (2.5)

Now we do a long example by hand first and verify our results by MATLAB and plot the trellis
diagrams for CPM.

Example 2.1 : A binary, message signal sequence of a:[l, -1, -1, 1 -1, 111, l] , i.e.

M = 2)is to be continuously phase modulated withi=2/3, find ¢<t,a), when

1. g, (t) is a rectangular pulse with L =1 (named as Example 2.1.1).

2. g (Z) is a raised cosine pulse with L =3 (named as Example 2.1.2).

For each case draw the state diagrams, trellis diagrams and the trellis path traced by the given
message signal sequence a. Verify your results in MATLAB.

Solution for Example 2.1.1 : We envisage the following k increments, time axis and the indexing for
message signal sequence a

a=[, -1, -1, I, -1, 1, 1, 1, 1]

:[aw a,, a,, 4y, 4, 4, 4o, dg, as]
k=[0, 1 2, 3 4 5 6 7, §
t=[0, T, 2T, 3T, 4T, 5T, 6T, 7T, 8T| (2.6)

In the case of rectangular g, (t) with L =1, for G(I,a) , we use the upper line of 2.4, thus
H(O,a) = H(kT,a) =2rha.q (O) , q (0) =0, H(O,a) =0 2.7

Note that (2.7) is valid for any kincluding kK =0, so we shall not repeat the calculation of Q(kT,a)

for other k's. For @, we can use (2.5). In order to start with zero phase at t =0 (or kK =0), it must
be that 8, =0.

So from (2.1), we get

#(0,a)=6(0,a)+6, =0 (2.8)
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Now we go to the beginning of next time slot in the time interval of [kT, (k + I)T] , Where we make

k=1.We use (2.5) and find that

6?1=90—|—7rha0=0+7r§><1=2?ﬂ (2.9)
So ¢(T,a) is found to be
¢(T,a)=9(T,a)+¢91:2Tﬂ (2.10)

For the subsequent ¢(t,a), we do not show the details, but write the results directly. It is clear that
in the subsequent, H(I,a)(instant phase) will be zero similar to (2.9) and (2.10), hence the sole

contribution to ¢(t,a)wi|l come from Hk (accumulated phase).

Att=2T ork=2,6,=0 , so ¢(2T,a)=0

Att:3T0rk:3,H3:—2?ﬂ , SO¢(3T’3):_2T”
Att=4T ork=4,6,=0 , so ¢(4T,a)=0
Att:5T0rk:5,t95:—2Tﬂ- , so¢(5T’a):_2?ﬂ

Att=6T ork=6,6 =0 , so¢(6T,a):0
2 2
Att=7T0rk:7,c97:T7[ , SO¢<7T’3>:TE

Attstorkzs,egz%” , 50 ¢(8T,a):4T” 2.12)

(2.12) shows that there are only 3 possible states in the rectangular g, (t) with L =1. Note that the

4 2
phase of —is equivalentto ———. Therefore the possible states of this case are

o, ={D, D, O, }= {0, 2%, 477[} if phase space is chosen to be 0 — 27
_2r ) ..
D = {0, F ?} if phase space is is chosentobe —7 — 7 (2.13)

Shown aligned with respect to the message sequence, our phase sequence will be
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a=[, -1, -1, L, -1, 1 1 1 1]
:[aw a, 4a,, d;, a4, s, dg 4, ax]

k=0, 1, 2, 3 4 5 6 7, §
t=[0, T, 2T, 3T, 4T, 5T, 6T, 7T,  8T]

2z 4z 4z 2r 4r
t,a)=10, —, 0, —,0, —, 0, —, —| phasespaceis 0— 27
#(1.2) l 3 3 3 3 3] phase sp -
27 27 27 27 27
t,a)=10, —, 0, ——, 0, —, 0, —, ——| phasespaceis —7 — 7
#(1.2) [ 3 3 3 3 3] PRase sp -
a=[, -1, -1, I, -1, 1 1 1 1]
:[ao, a, a,, a,, a,, d,, d, a, ag]
NN ON N N N N YN
¢<z,a)=[o, R (2.14)

Running CPMFX_Explsur.m together with CPMFX_Exp1.mdl model file produces the following output
shown on the first line of (2.15), given along with the theoretically calculated H(t,a) (of phase space

0— 27) form (2.14)

. VB3 . -1 B3 —1 3 -1 B -1 3
£)= 1) =|1, —+— TR A it Y N et NIV Bk A A BC ST
s(t)=exp| j9(12) 2 2 2 2 2t Ty @
¢(t,a)=[0, oo, Eooo 2Zoo ZE 0 E gy
3 3 3 3 3

As seen from (2.15), there perfect agreement between the two lines of (2.15). CPMFX_Expl.mdl
model file also produces a scope output which is displayed in Fig. 2.1. Again this figure is also in
agreement with (2.15).

If we want to observe the (smooth) progression of changes in the phase, ¢(t,a), then in

CPMFX_Explsur.m, we substitute a value greater than unity for the parameter sPS. For instance if we
set this parameter to 32, we obtain the illustration given in Fig. 2.2. To verify the curves in Fig. 2.2,
we consider (1.5), (2.3), (2.4) and Fig. 1.1. Accordingly we see that during the interval of

kT <t < (k—l—l)T (note that we have excluded the end points at t =kT', t = (k—l—l)T), the time
dependence of ¢(t,a) is solely embedded in B(t,a), 6, contributes nothing. In that interval
¢(t,a) will be given by

ﬁ(t,a) = 27rhakq(t—kT> = % assuming a, =1 (2.16)

This way the phase will follow a trajectory the form of
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27t
J_

7 (2.17)

s (t) = exp[j¢(t,a)] =exp

(2.17) is plotted in Fig. 2.2, where we see that the end points, i.e. t = kT agree perfectly with the
ones listed in (2.15) and Fig. 2.1. It is important to realize that, the smooth phase trajectory of Fig. 2.1

will be used in the construction of CPM waveform with carrier, i.e. u(t) We show u(t) of this
example in Fig. 2.3. As seen, there are no abrupt phase (frequency) changes in u(t)like the case of

conventional PSK. Note that this illustration of u(t) is somewhat exaggerated, in practice, there are

many cycles of the carrier within one symbol duration.

s (t) =exp[¢ (t,a)]

5 0.5
t (in arbitrary units)

Fig. 2.1 The scope output from CPMFX_Expl.mdl for a rectangular pulse of g, (Z) with L =1in
Example 2.1.1
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Fig. 2.2 The scope output from CPMFX_Expl.mdl for a rectangular pulse of g, (t) with L =1in

Example 2.1.1 with a smooth phase trajectory.
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Fig. 2.3 The scope output from CPMFX_Expl.mdl for a rectangular pulse of g, (t) with L =1in

Example 2.1.1 with a smooth phase trajectory.

Now we construct the state trellis diagram of the case g, (t) being a rectangular pulse with L =1.

From the discussion regarding p in (2.2) and also from (2.13), we know that in this case number of
distinct phase states are 3, these are

k

27 4 : .
O = <|O, Tﬂ’ Tﬂ} if phase space is chosen to be 0 — 27 . Changes between these states

will occur depending on @, , being -1 or +1.
The related state trellis diagram including some of the initial transitions up to @, can be found in Fig.
2.4. For this figure, it is important to emphasize once again that in the case of L =1, the (total)

phase ¢(t,a) is based on the cumulative phase 6,, with no contribution coming from the instant

phase, «9(1,3). Hence we could have equally denoted the phase states of Fig. 2.5, by 19, instead of
D

K

Fig. 2.4 State trellis diagram for rectangular pulse of g, (t) with L =1in Example 2.1.1
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Exercise 2.1 : Draw the trellis signal path of az[l, -1, =1, 1, —1, 1, 1, 1, 1| against time. Use

the same notation as that of Fig. 2.4.

Exercise 2.2 : Without changing the other parameters, run CPMFX_Explsur.m for a message
sequence of a:[l, -1, -1, -1, —1, 1, 1, 1, —l] and find ¢(l,a) and S(t), observe the scope

output. Verify that you find the same result for ¢(t,a) by hand. Plot the trellis signal path against

time, by the same notation as that of Fig. 2.3.

Exercise 2.3 : Repeat exercise 2.2 for h=3/4, h=4/7 and find ¢(t,a) and s(t),both by running

CPMFX_Explsur.m and by hand. Comment what differences you see, compared with the case of
h=2/3.

Solution for Example 2.1.2 : Now we go on to more sophisticated case of g, (Z) being a raised
cosine pulse with L =3. Here we note that the binary symbols, a, prior to g, had no effect on
Q(I,a) in the previous case when L =1. Their effect was accumulated in &, making the starting
phase in ¢(t— ) zero. But when L =3, the symbols a_, and a , have to be taken into account
as seen from the third lines of (2.3) and (2.4). So initially we must determine what &, should be, so

that condition ¢(l:0,a):0is satisfied (note that condition is not mandatory but convenient,

which means we could have started in any allowed phase state of this particular CPM. Matlab also
makes such an allowance). So at ¢ = 0 (which also means k£ =0), using the third line of (2.4) and
(2.5), we get

#(0,a)=0(0,a)+ 6, =27zh[a_q(2T)+a gq(T)|+6,=0 (2.18)

Now assuming[ ]:[l l] and inserting q( ) function numeric values from Ref. [2] as

,a_
q(2T)=O.402, q( ) .098 into (2.18), we obtain

6, =—2zhla ,q(2T)+a q(T)|=—271[0.402+0.098]
:—ﬂh——%%%:ﬂh[za] (2.19)

i=—00

(2.19) means that in order to have ¢(l =0 a) =0, 90 , Which is the accumulated phase from minus

2 4Arx
infinity up to a_,, must be —7h = _T — ? (mod 2 equlvalent) It is appropriate to clarify

an important point here. That is, although, we have assumed that the condition that the total phase
¢(t,a)starting from zero at the time of £ =0, can be managed by suitably adjusting 90 as shown in
(2.19). We know from (2.2) and (2.13) that there are only three allowed phase states for Hk (for this

2 4
particular value of the modulation index, &/ =2/3, these are ®, = 10, 37[ , 37[} ). By coincidence

such a property is satisfied in (2.19) by the selection of [afz aﬁl] = [l, 1]. Note that the same will
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happen, when we also choose [a_2 R a_l] = [— 1, —1] . On the other hand settings
[afz , aﬁl] = [— 1, 1] and [afz R aﬁl] z[l, —1], will also mathematically produce phase values for 6,
, however these results will not be valid phases for 6?0 , since such results violate the condition that 6’k
(and consequently 8,) can only take one of the three phase values from the phase set of
D, = {O, 277[, 4%} In summary the choice of starting at ¢(t =O,a)=0demands the correct

and careful selection of symbols prior to t = 0. Otherwise, we will encounter misleading and
physically meaningless phase values (For further details, see, “Explanation on Fig2_5 Notes on
CPM_Sept 2012”). It will be shown later, in some cases, no matter what arrangement is made for

prior symbols , it is not possible to start at ¢(t=0,a):O, simply because the ¢(t,a) does not

have a state of zero phase.

We continue using the third line of (2.4) and the recursive relation in (2.5), hence for £k =1 (which
also correspondsto t =1T'),

0(T,a)=2rh|a q(2T)+ayq(T)|=rzh= %” ,0,=6,+rha ,=21—0
¢(T.,a)=0(T,a)+ 6, = 27” (2.20)

Repeating the same for higher kvalues, we get
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Att=2Tork=2, 9(2T,a):27zh[a0q(2T)+alq(T)]
=27h(0.402—0.098) = 0.6087h , 6, =6, + wha | = 7h

SO ¢(2T,a) =0.6087h+7h=1.6087h=3.2167/3
Att=3T ork =3, 0(3T,a)=2zh[a,q(2T)+a,q(T)|

= —27h(0.402+0.098) = —7h , 6, = 0, + wha, = 27ch

SO ¢(3T,a) =—rmh+2rh=rmh=2x/3

Att=4T ork =4, 6’(4T,a):27rh[a2q(2T)+a3q(T)]

= 27h(—0.402+0.098) = —0.6087% , 0, = 0, + wha, = mh
50 ¢(4T,a) = —0.6087h + zh = 0.3927h=0.784r /3
Att=5T ork=5,0(5T,a)=27h|aq(2T)+a,q(T)|
=27h(0.402—0.098) = 0.6087h , 6, =0, + rha, =0

50 ¢(5T,a)=0.6087h=1.2167/3

Att=6T ork=6, 0(6T,a)=27xh|a,q(2T)+aq(T)]

= 27h(—0.402+0.098) = —0.6087% , 6, = 0, + wha, = h
s0 #(6T,a)=0.3927h=0.7847x/3

Att=TT ork=7,6(7T,a)= ZEh[asq(ZT)—Faéq(T)]
=27h(0.402+0.098) = zh , 6, = 6, + ha, =0

SO ¢5(7T,a):7zh:27r/3

Att=8T ork =8, 0(8T,a)=2rh|a,q(2T)+a,q(T)|
=27h(0.40240.098) = 7h , 6, = 6, + wha, = h

so ¢(8T,a)=27h=4rx/3 (2.21)

Similar to (2.14), from (2.18) to (2.21), we can construct the following for the case of g, (t) being a

raised cosine pulse with L =3as shown below in (2.22). An important note is that, the phases,
¢(t,a) could have also been calculated using the second line of (1.6).

a=[l, -1, -1, , -1, 1, 1, L 1
:[ao, a, a,, a,, a,, a, ag, a,, as]
k=[0, 1 2 3, 4, 5 6, 7, 8]
t=[0, T, 2T, 3T, AT, 5T, 6T, 7T, 8T|
#(1,2) =0, 2z 3218z 2z 0782z 1216z 0.7827 2z 4x (2.22)
3 3 3 3 3 3 373
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The result for ¢(t,a)in (2.22) can be verified again by running CPMFX_Exp1sur.m with the settings

of g, (t) being a raised cosine pulse with L = 3. (2.22) shows that there are 6 distinct phase states,
which are

(2.23)

9 b 9

0.7827 1216z 2z 32167 4rx
@, =10, , = 4r
3 3 3 3 3

On the other hand, according to the rule derived above, there could as many as N(Dk = pML’l =12.

To find all possible states, from (2.2) we know that number of possible phase states due to 6, is

2r
obtained from integer multiples of — (where is the denominator is the denominator of the
p

modulation index, s =2/3 =2m/ p) and these are listed below
®,(0,)= {0, . 4—”} (2.24)

The dependence of @ (kT,a) = Zﬂh[ak_2q<2T)+ak_]q<T)]on the past two symbols a, , and a,

will produce four additional phase states. Hence all together, there will be twelve phase states of
¢(t,a), as calculated and shown below

®,:[a,,,q,]=[-1-1],6,=0, §(t,a)=0(kT,a)+6, =2xh|a, ,q(2T)+a, q(T)+0=4.1888
®,:[a, ,,a,]=[+L-1],6, =0, ¢(t.a)=0(kT,a)+ 6, =2zh|a, q(2T)+a, q(T)]+0=12755
®,:[a,,.a. ]=[-1L+1],6,=0, §(t.a)=0(kT,a)+6, =2zh|a,_q(2T)+a, q(T)]+0=5.0077
CD4:[aH ,aH]:[—i—l,—i— ] . =0, ¢(t,a)= H(kT,a)—i—Hk—Z/rh[akfzq@T) a,_ l(1(T)]—1—0:2.0944
®,:[a,,,a |=[-1-1],0, =27/3, ¢(t.a)=0(kT,a)+0, =2zh|a, ,q(2T)+a, q(T)+27/3=062832
O, :la, , ., a ]=[+L-1], 6, =2x/3, §(t,.a)=0(kT,a)+6, =2xh|a, ,q(2T)+a, q(T)|+27/3=33699
®,:[a, , ., a,]=[-1L+1],6,=27/3, §(t.a)=0(kT,a)+6, =27h|a, ,q(2T)+a, q(T)|+27/3=0.8189
®,:[a,,,a._|=[+L+1],6,=27/3, §(t,a)=0(kT,a)+6, =2xh[a,_,q(2T)+a, q(T)|+27/3=4.1888
®,:[a,,,a,|=[-1—-1],6,=47/3, ¢(t.a)=0(kT,a)+0, =2zh|a, q(2T)+a, q(T)|+47/3=2.0944
@, :[a,,.a, |=[+L-1],06,=47/3, ¢(t.a)=0(kT,a)+0, =2xh|a,_,q(2T)+a, q(T)|+47/3=54643
D, :la,,.a, |=[-1L+1],6,=4x/3, ¢(t.a)=0(kT,a)+6,=2xh|a, q(2T)+a, q(T)|+47/3=29133
®,:[a,,,a.)=[+L+1],6,=47/3, §(t,a)=0(kT,a)+6, =2xh|a,_,q(2T)+a, q(T)|+47/3=6.2832
(2.25)

As seen from (2.25), several phase states are identical, namely, @, and ®,, ®, and O,
D, and @,,. This means that in (2.25), there are only nine distinct states. Rearranging in this

manner, converting phase values into a fraction of 77/3in an ascending order, we get
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s ny @ () ®,andd,, D,, D ® and®,, D,, D,
0.8189, 12755  2.0944, 29133, 3.3699, 4.1888, 50077, 5.4643}

79 29

2

0.782r 1.2187 2_7r 2.782rx 3.218x 4_7r 4.782x 52187
b 3 b 3 b 3 b 3 b 3 b 3 b 3 b
So as an exercise run CPMFX_Explsur.m with the settings of

[afz ,afl]:[l, 1] or [afz ,afl]:[—l, —1] with L =3, M =2 for different arrangements

input message signal (vt) to see if you can generate all distinct states of (2.26).

Now we come to draw the trellis diagram of the above case, i.e. the raised cosine pulse with L =3.
Compared to the case of L =1, there are more phase states in L =3. Furthermore, the

contribution to the (total) phase of¢(t,a)from the cumulative phase of Q(I,a) is no longer zero.

Therefore here, the trellis diagram will be different. It cannot be solely based on distinct phase states
given in (2.26), but must embrace all twelve states of (2.25). Such a trellis diagram employing the
notational arrangement of (2.25) is shown in Fig. 2.5.

[0, (kT a)] | (T3, Q1] o gt

t=kT+7|l3, .3, 0 1 {[q)k+1 L O(KT+T,a)]

[¢1’4”I3] [-1,-1,0] (/k+1:(/k+(2,7/3)ak72 //’ [-1,-1,0] [¢1’4”13]
[®,,12187/3] [+1,-1,0] - /7, [+1,-1,0] [®,,1.2187/3]
[©,,47827/3] [-1,+1,0] [1,+1,0] [®,,4.7827/3]
[®,,27/3] [+1,+1,0] [+1,+1,0] [®,,27/3]
[®,0] [1,-1,2713] [1,-1,2713] [®,,0]
[®,,3.2187/3] [+1,-1,2x/3] [+1,-1,27/3] [®,,32187/3]
[©,,0.7822/3] [-1,+1,22/3] & » [1,+1,27/3] [©,,0.7827/3]
[0,,4213] [+1,+1,2213] [+1,+1,27/3] [®g,47]/3]
[®,,22/3] [-1,-1,4x]3] [1,-1,47]13] [®,,27/3]
[®,,,5218z/3] [+1,-1,47/3] [+1,-1,47/3] [®,,:52187/3]
[@,,,27827/3] [-1,+1,47/3] [-1,+1,4z]3] [@,,,27827/3]
[®,,0] [+1,+1,4z]3] [+1,+1,47/3] [o,,,0]

Fig. 2.5 State trellis diagram for raised cosine pulse of g, (t) with L = 3in Example 2.1.2. Derived
from (2.25) and (2.26).

Exercise 2.5 : Verify the phase states in (2.25) and (2.26) and the state trellis diagram given in Fig. 2.5
by running CPMFX_Explsur.m with the appropriate parameter settings.

Example 2.2 : By, and keeping the same settings of Example 2.1.2, but changing the pulse length of
g, (Z) to L=2, find the output of the CPM modulator, i.e, ¢(t,a) and both by running
CPMFX_Explsur.m and by hand.

Solution for Example 2.2 : From the rule of N, = pM", since p=3we have three phase states
due to the cumulative phase term, 6, and from instant phase term, G(t,a) , we have two states since

M"" =2"=2. All together, the number of (nondistinct) phases attained by the (total) phase term,
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¢(t,a) will be six. It is possible to calculate the phases like in (2.25), but this time we have a
dependence only on the symbol g, ,. Note that from (1.8) and (1.5), for the raised cosine shaping

waveform, we find that q(T) =0.25. The results are given in (2.27) (again confined to the 0 — 27
interval)

®,:a_,=—1,6,=0, §(t,a)=0(kT,a)+0, =27ha,_q(T)+0=5236 = 57/3
®,:a,,=+1,0,=0, p(r,a)=06(kT,a)+6, =27ha, q(T)+0=1.0472 = 7/3
®,:a,,=—1,0,=2x/3, §(t,a)=0(kT,a)+0, =27ha,_q(T)+27/3=1.0472 = z/3
®,:a,,=+1,0,=2x/3, §(t,a)= e(kT,a) =2rha, q(T)+27x/3=3.1416 = x
®,:a,,=—1,0,=47/3, §(t,a)= 0(kT,a)+9 =2rha, q(T)+4r/3=3.1416 =«

O :a,,=+1,0,=4x/3, p(t,a)=6(kT,a)+ 6, =27ha, q(T)+47/3=5236 = 57/3
Distinct phase states ~ ©, :{%, 7, 577[} (2.27)

As seen from (2.27), in this particular case, there are only three distinct phase states. The interesting
thing about the chosen example is that it does not include a zero phase state. So it cannot start with
zero phase at t = 0. A note about the MATLAB implementation is in order. In the CPM Modulator
Baseband block which is inserted into the model file CPMFx_Expl.mdl that we are using, there is the
Phase Offset setting that corresponds to the phase at the instance of 1 =0. If this Phase Offset
setting is made zero (which is not possible according to (2.27)), then by running the m file
27 47[}
373
which does not of course agree with the last line of (2.27). In order to get the correct phase values,
that is the ones listed in (2.27), all we have to do is to set the Phase Offset (written as phaseOffset in

CPMFx_Expl.m, we will get the distinct (total) phase values, H(kT,a) as O, :{O,

3 2

V4 b4
CPMFx_Expl.m) to one of actually possible the phase states, i.e., ®, = {? T ?}

Now we show the state trellis diagram of the case of L = 2 in Fig. 2.6.

[0, 0(kT,a)]| (D3, 01 t=kT t=kT+T ([, 1 {[<I>k+1,f/'(kT+T,a)]{
[® ,57/3] [-1,0] [-1,0] [, 57/3]

[+1,01 [@,, /3]

[®,,7]3] [+1,0]
[©,,7/3] [-1,27]3] [1,27/3] [®,, ]3]

z] [+1,2713] [+1,27/3] [?,,~7]
[®,7] [-1,4713] 9 [1,4713] [P, 7]

[®,,57/3][+1,47/3] [+1,47/3] [®,57/3]

Fig. 2.6 State trellis diagram for raised cosine pulse of g, (t) with L = 2in Example 2. 2. Derived
from (2.27).
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Exercise 2.6 : Verify the phase states in (2.27) and the state trellis diagram given in Fig. 2.6 by running
CPMFX_Explsur.m with the appropriate parameter settings.

Example 2.3 : Now, we examine a case of M = 4 and keep the other parameters the same as
Example 2. 2.

Solution for Example 2.3 : Again using the rule of N, = pM"", since p=3we have three phase
states due to the cumulative phase term, (9, and from instant phase term, Q(I,a), we have four

states since M"~' =4' = 4. All together, the number of (nondistinct) phases attained by the (total)
phase term, gb(t,a) will be twelve.

Observing the guidelines given for (2.25) and (2.27), we perform the phase calculations of this case as
follows

Confined to interval 0 — 27

D, :aq, 0, #(t,a)=0(kT,a)+6, =27ha, q(T)+0=—3.1416 =7z
®,:a, 1:—1 6, _0, ¢(z,a):9(kT,a)+9 =2rha, q(T)+0=—1.0472 =57/3
®,:aq,_, =+1,0 =0, §(t,a)=0(kT,a)+06, =27ha,_q(T)+0=1.0472 =7/3
®,:a,,=+3,6,=0, §(t,a)=0(kT,a)+6, =27ha, q(T)+0=3.1416 =7
®,:a,,=-3,0,=27/3, ¢(t,a)=0(kT,a)+6, =2zha, q(T)+27/3=-1.0472 =57/3
®,:a ,=-1,6,=27/3, §(t,a)=0(kT,a)+6, =2rha, q(T)+27/3=1.0472 =r/3
®,:a,,=+1,0,=27/3, ¢(1,a)=0(kT,a)+0, =2rha, q(T)+2x/3=3.1416 ==x
®,:a, ,=+3,6,=27/3, ¢(t,a)=06(kT,a)+06, =27ha, q(T)+27/3=>5.236 =57/3
®,:a,,=-3,0,=4n/3, §(t,.a)=0(kT,a)+ 6, =2zha,_q(T)+4x/3=1.0472 =7z/3
®,:a,,=-1,0,=4r/3, §(t,a)=0(kT,a)+6, =2rha,_q(T)+4r/3=3.1416 =nx

@, :a, ,=+1,6, =4r/3, ¢(z,a):0(kT,a)+6 =2rha,_q(T)+47/3=5236  =57/3
®,:a,,=+3,0,=4x/3, p(t,a)=0(kT,a)+ 0, =2zha,_q(T)+47/3=73304 =7x/3
Distinct phase states ~ ©, —{%, , ST”} (2.28)

It is interesting to note that distinct phase states of this case are exactly the same as Example 2.2,
where L =2, M =2, which means M = 4 has no role in determining the distinct phases.

The state trellis diagram of this example is depicted in Fig. 2.7.
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[0, ¢(kT,a)] e e 6.,=6+@xIBa_, t=kT+T [a,. 6,1 [D,,  #(4T+T a)]
[CI?1,?I] [-3,0] L [-3.0] [<I>1..7.']
[®,,5x/3] [-1.0] [-1,0] [©,,5x/3]
(o, 23]  [+1,0] [+1,0] [@,,713]
[@,, =] [+3.,0] [+3,0] [D,. 7]
[®5.57/3] [-3.2x/3] [-3.2=13] [@.5713]
[©p, x/3] [1,2x/3] [-1.2713] [®g, 73]
[, .x] [+1,2x2/3] [+1,2#/3] [®;, =]
[(DB,EJHS] [+3,27/3] [+3,2x/3] ['I?B,57rl'3]
[@y. /3] [-3,4x/3] [-3,4x13] [®y,=/3]
[(I:-m,;r] [-1,4x13] [-1,42/3] [(I)m,:r]
[@,, . 5x/3] [+1,4x/3] [+1,4x13] [@,,. 52/3]
[‘13'12.2.7;‘3] [+3.47/3] [+3,4x/3] [{1112‘;1!.3]

Fig. 2.7 State trellis diagram for raised cosine pulse of g, (t) with L =2 and M = 4in Example 2. 3.
Derived from (2.28).

Exercise 2.7 : Verify the phase states in (2.28) and the state trellis diagram given in Fig. 2.7 by running
CPMFX_Explsur.m with the appropriate parameter settings.

3. Estimation of Probability of Error for CPM Signals

Initially we start with a test case that our CPM modulator and demodulator will function correctly,
when modulator is connected directly to demodulator, i.e. no AWGN channel is used inbetween. For
this purpose, CPMFXC_Explsur_test.mdl, CPMFXC_Expl_test.m and sGen.mdl MATLAB files are
prepared. Here the aim is get zero error for a given set of M, &, L, shaping waveform (gtshape),
samples per second (sPS), trace back length (tBL) values. This is calculated by the symerr function on
the last two lines of CPMFXC_Expl_test.m. Although not necessary, this calculation also entails the
PSK comparison case. It is found that, if necessary at M > 2, errors are eliminated by choosing
sPS > 1, while larger values of tBL will reduce errors toward zero.

The actual MATLAB files that are used to obtain the probability of error curves of CPM against an
equivalent PSK (on the same M and equal average signhal energy basis) are GDModulator.mdl,
GModulator.mdl, MaryGen.mdl, PeCPMsur.m where the last m file is run to obtain results.

Exercise 3.1 : By testing your parameters first by the MATLAB file set, CPMFXC_Exp1sur_test.mdl,
CPMFXC_Expl_test.m and sGen.mdl, then using the actual MATLAB files of GDModulator.mdl,
GModulator.mdl, MaryGen.mdl, PeCPMsur.m, find the dependence of probability error of CPM on
M, h, L. Also record the probability of error advantages of CPM against PSK and QAM.
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