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Questions

1. (70 Points) Constellations A and B are as illustrated in Figs. 1.1 and 1.2.

a. Identify the type of modulation and dimensionality in these constellations. Write and plot
the mathematical expression for the basis functions, v, (¢), v, (¢), write for the signal

vectors s ---s) and s/ ---s; , write and plot the corresponding signal waveforms of
s (¢)---si (¢) and s (¢)---s (¢) . Find the distance between signal vector ends in both

constellations. Determine what the signal vector lengths of B, and B, in terms of signal
vector length 4 should be such that both constellation A and constellation B use the same
total or average energy. Note that the total energy is the sum of squares of vector lengths,
whereas the average energy is obtained upon dividing the total energy by the number of
symbols.

b. Draw the demodulator as correlator and matched filter. Assuming that the signal
s;' (¢) from constellation A and the signal s/ (¢) from constellation B are transmitted, find

the outputs of the correlator and matched filter.
c. Find the probability of error and decision regions via the evaluations of correlation

metrics C(r, s, )again assuming s;'(¢) from constellation A and s (¢) from constellation

B were transmitted. Comment on whether you find any probability of error performance
difference between constellation A and constellation B.

s4 Wz( t) Constellation A

v(t)

Fig. 1.1 Constellation A.

Note : You can write for the signal vectors s;'---s; and s ---s; in time divided notation or in
complex notation.
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Constellation B

Fig. 1.2 Constellation B.

Solution : a. Constellation A is 8 PSK, constellation B is 8 QAM. Provided that all signals in
both constellations are sent from transmitter with equal probability, then equating the total
energy in constellation A and B, we get

4B} +4B; =84 , 0.5B] +0.5B; =4’ (1.1)

From (1.1), we see that, there are infinite number of choices for the settings of B, and B, in
relation to 4. One possible choice is

A=~T , B =125JT , B,=0.6614JT (1.2)

We adapt the following common orthonormalized basis functions,

J2IT — 0<t<T/2 J2IT T/2<t<T
v, (1)= (t)=

7%
0 otherwise 0 otherwise

(1.3)

¢+ v, (t) b owy(t)
~NoIT N2/T

Fig. 1.3 The common orthonormalized basis functions for Q1.
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By using Figs. 1.1, 1.3 and (1.3), we obtain the followings for the time waveforms of

()0 (1)

4 5'14(‘) A S‘:(t) A 5;‘(1) A SA(t)
2 V2 ¢
1 1
0
» t » » t »
0 TI2 0 T 0 TI2 T TI2 T
-1
4 S p () $ <o A si()
0 T/2 0 T 0 T/2 T 0 T
» t » t > > t
TI2
-1 -1
-2 -2
Fig. 1.4 Time waveforms of’s;" (¢)---s; (¢) for Q1.
From Fig. 2, it is possible to write the following expressions for s (¢)---s; (¢)
2 0<1<TI2 Loy 7 . )
L 1 > 8 =8, S 0 s €. = S? =T
0 otherwise HO=VTw () [ 2] [ } H H
1 0<t<T T T o
0 otherwise ' ( ):\/; '(t)+\/; (1) 83 :[Sﬂ’ Szz]:
V2 T/2<i<T JT N N
_ : s () =Ty, (1), sy =[si, sp]=0, VT] , &
0 otherwise
(-1 0<t<T/2 =7
0 otherwise
2 0<e<T/2 o
B _ () \/_‘//1()’ _[51’S52]:[_ﬁ 0} g =T
0 otherwise
o e 0= 0= 5.0 =5 5] e
— 9 S - ) N
0  otherwise  ° i . %o 62
2 T/2<t<T
L A() \/—lr//z()’ 7_[715 [0 - ’gs;‘:T
0 otherwise
1 0<¢e<T/2 7 7 7 7
—1 T/2§t§T , sl (1 =\E l(t)—\/; (1), sy =[si, sa]= \g —\E , e, =T (14)
0 otherwise
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The time waveforms of s/ (¢)---sg (¢) are shown in Fig. 1.5.

A
s;(t) 4 s(t) A Et) 4 )
1.25V2 1.25V2
0.6614 0.6614
0
> t » » t >
0 T2 0 T 0 Ti2 T T/2 T
-0.6614
sB(t
4 ) A (o) 4 o) 3 ()
0.6614
o T2 0 T 0 T/2 T 0 T
» » t » t > t
TI2
-0.6614
-1.25V2 - 0.6614 - 1.25V2

Fig. 1.5 Time waveforms of's/’ (¢)---s; (¢) for Q1.

From Fig. 1.5, it is possible to write the following expressions for s, ()---s (1)
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0 otherwise

sB(t):{l'%*/E 0SISTI2 " o(i)=125VT (1) , 8" = [0, s3] =[125VT, 0] , &, =[s| =1.5625T

, 82(1)=0.4677\Ty, (1)+0.4677Ty, (1)

0.6614 0<¢<T
0 otherwise

st =[s2,, s2]=[0.4677NT, 0467T| , &, =[si| =0.4374T

21’ 22

_1esv2 rr2<e<r
|0 otherwise
—0.6614 0<:<T/2

s2(1)=10.6614 T/2<t<T , s'(t)=—0.4677Ty,(1)+0.4677Ty, 1)

0 otherwise

52 (0)=125VTy, (1) , 8 =[sh, s2]=[0, 125VT | , &, =1.5625T

s =[sh, 54| =|-0.467VT, 0467NT | , &, =04374T

si(t)= —1.25V2 O.Sth/z,sf(t):—l.ZSﬁl//l(t), st =[st, sh]= [ 1.25VT, 0}, &, =15625T
0 otherwise
~0.6614 0<<T

SO=1 e (1)=—0.4677\Ty, (1)~ 0.4677\T, (¢)
st =[s5, s8] =[-0467T, —0467NT |, &, =0.4374T

s (t)= ~1.252 T./zgng si(t)=—125VTy, (1), st =[st, si]= [o —125f] e, =1.5625T
0 otherwise

0.6614 0<r<T/2
s2(t)=1-0.6614  T/2<t<T, 5! (t)=04677Ty,(1)—0.4677Ty, (1)

0 otherwise

st =/s8 s;;]:[o.4677ﬁ, —0.4677ﬁ] , &, =0.4374T (1.5)

812

Minimum distance for both constellations are given below.

di=d’ =0.7654T , dl=d’ =09115JT (1.6)

min min

b. Since QAM and PSK are both two dimensional, for block diagrams of correlator and MF, we
benefit from Fig. 6.7 of Notes on Dimensionality of Signals Sept 2012 HTE, which we
reproduce below in Fig. 1.6.
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w,y (t)

| y, |
n 1 i r
. . 1
——h@—u f r{t)w (£)dE ’r' o > o
i : %
. i £
Received ! c
signal i 'E
- ! r—s| &
: T
rin= w, (1) | i
s, () +na(t) ! _ y, | r, %
i v 2
—(}@—’] (g (E)dt _/:r'o__“‘ E
— 0 :
Sample
atf=T

a) Block diagram of correlator type of demodulator.

Upper MF :
» h-‘l ff) = 'f!- _ f) AIV’C 1 . E’
i %
i £
Received i :
signal ‘ §
i F — 5
rif)y= ] g
® Lower MF E %
f a
s, (ty+a(t) . . ¥t /i, 2 £
Raft) — ¥l — 1) P o > 5

Sample

atft=T

b) Block diagram of matched filter (MF) type of demodulator.

Fig. 1.6 Block diagrams of correlator and matched filter type of demodulators for the signal set

in Q1.

If 5. () is sent from the transmitter in Constellation A and s, (¢)is sent from the transmitter in

Constellation B, then the output from the upper and lower braches of the correlator will be
(before or after sampling)
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T T
= [re) wnde= [s'(0) wie dt+f v (1)t = s, +n, =T 4+,
. p
vi=[rt) va(e)de= [5'() wale dz+f 2 (0)de =5 +n, =,
0 0
T T
3= [y (0)di= [5 (1) wie dt+f ()i =i+ =125V
, ;
vi= [r(e) wa(t)de= [s!(t) ws(e)dr + f 2 (0)dr =53, +n, = (1.7)
0 0

We know that output from MF will be identical to (1.7) at the time of sampling at t =7 which
means that we can construct the received vector r that we supply to the detector and which will
be used in the decision making process, as follows

d. Using (1.8), we evaluate correlation metrics C ( r,s

T +n,

1257 +n,

n,

(1.8)

,,)for m=1---8as follows

C(r*,sy)=2s)-r" m=1---8
=1, c(rst)=2s) 0 —[siff = 2T, o}f” =T+ T
m=2, C(r*‘,s;‘)zzs;‘~r"—us;H2:2\f \f T m| :(\E—I)T+2nl\/§+2n2\/§
m=3, C(r*,s})=2s}r* —[s;| =20, VT ‘/nﬂr”] —T=-T+2n T
.

m=4,C(r" st =250 1t —[s} [ =2/~ =, ([& VTom —(\/5+1>T—2n1\/§+2n2\/§
m=5,C(r"s})=2s>r* =[5 =2[-T, 0| */n?”‘ —T=-37-2n~T

:
m=6,C(r* s‘:):2s:-r“—Hs‘;H2:2—\/§, —\E T n —T_—(\E+1)T—2nl\g—2nz\g
m=7,C(r" s))=2s2r* — s} =20, VT \/n?”l T=-T—2uT

:
m=8, C(r*,st)=2s}-r* —[s;| =2 \E —\E ‘/5”' —T:(ﬁ—l)T+2nl\E—2nz\g (1.9)

As detailed in ECE 588MT-19112012_Solutions, to determine the correct decision region for s;',

it is sufficient to consider the following ;

CU-ECE 632 MT-18.11.2014

Page 7



C(rt,st)>C(r*,s}) : T+2nT > (V2 T+2n\/7—|—2 \/Z —1 \/_—|—n)
C(rA,s;‘)>C(r ) T+2nf> T+2n\/7 2n\/7 \/7—{—7’1)
C(rA,sf)>C(rA,s;‘):T—i—2nlﬁ>—3T—2nl\/_ —T+n>0 (1.10)
The three conditions in (1.10) define the borders illustrated in Fig. 1.7.

Line for (V2-1)(NT+n ) =-n,

v (t)
valt) 2 v,(t)
Correct decision
Correct decision region for sf —_— region for sf
%\ '//1( t ) 718 l//1( t )
7 > > >
/8 (//1( t)
Correct decision region for s:‘ \
Line for VT = - n,

Line for V2- 1)(\T +n,) =n,

Fig. 1.7 Decision regions for s; .

For probability of error of s;', we benefit from (8) and (9) of SampleProblems of
Proakis2002_Nov 2012 and write the following

1 00 n 1 T+, n
P = ——\|dn ———— ——2\|dn, ,P=1-P 1.11
¢ <7Z'N0 >0,5 [feXp[ NO] n (IZ'NO )0.5 (jffﬂl)exp[ No] n, e ¢ ( )

Now we repeat the same for s;. For this as stated above, determination of decision borders

between s; and s}, s, ,s; is sufficient. Thus
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C(r",sfl):2sfl-r“—||si|2 , m=1,2,5,8
m=1, C(r",s')=2s"1" | 2:2[1.25ﬁ, 0} L2SVT +n, —1.5625T =1.5625T +2.5nNT
n2
m=2, C(r",s})=2s}-r" —[si[ =2[0.46774T, 0467747 | 12T+ 427y
nZ

= 0.7185T +0.9354n T +0.9354n,\/T

m=5, C(r" s")=2str"—|st| =2[-1.25VT, 0] 125VT +n —1.5625T = —4.6875T —2.5n\IT
n2
m=8, C(r" s)=2s7-1" s} 2:2[0.4677\/?, —0.4677ﬁ] L2V +n, —0.4374T
n2
= 0.7185T +0.9354n,/T —0.9354n,/T (1.12)

C(r",s?)>C(r s%) 1 1.56257 +2.5n,T > 0.7185T +0.9354n,\T +0.9354n,\T

U]

/—}%
— 0.844/T +1.5646m, > 0.9354n, — 1.5646(1.25ﬁ + n,)—1.1 1175\T >0.9354

r
-~
n,

— 1,<1.6727r, —1.1885\T
C(r"s?)>C(r", s%) : 1.56257 +2.5n,NT > 0.7185T +0.9354n,/T —0.9354n,\T
— 1,>—1.6727r +1.1885\T
C(r®,s)>C(r" s?) :1.56257 +2.5nT > —4.6875T —2.5n\T — 1,>0 (1.13)

The three conditions in (1.13) define the borders illustrated in Fig. 1.8.

Line for r, = - 1.6727 r, +1.1885V T r,= 0.7105VT
r.
Iy 2 r,
A
T A
Correct decision region for s? - Correct decision
f B
/ r,= 0.7105NT region for s;
r,=1.1885'T -
i r
r
g / 1 ~7/3 - | 1
~7/3 r

r,=-1.1885\T
/ Correct decision region for sf —_—
T Line forr, =0

Line for r,= 1.6727 r- 1.1885V T

Fig. 1.8 Decision regions for s; .
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From the joint borders of Fig. 1.7, we deduce the probability of error for s; as

1 0.9024/T +1.6727n,

2
n,
——|dn ———+
No ] 1 (7Z'N0 )O'S (0.9024x/‘[+1.6727n,)

2

n
exp[—ﬁz] dn, , P=1-P (1.14)

e

1 %
P=——- ex
‘ (7Z'N0 )045 o_sisﬁ P

0

CU-ECE 632 MT-18.11.2014 Page 10



2. (30 Points) Answer the following questions as True or False. For the False ones give the
correct answer or the reason. For the True ones, justify your answer

a) QAM offers SNR improvement over PSK : True for M > 8.

b) The role of the matched filter is to amplify the input signal : False, the role of matched
filter is to correlate the input against its time response.

¢) In ASK, symbol duration is increased as M increases : This is true for any modulation
type, provided of course we do not change the (binary) input rate.

d) FSK is a typical example of a multidimensional signal : True, provided that we have
M>2.

e) Optimum detector accepts the optimum signal as input : False, optimum detector attempts
to base its decision on maximizing the conditional probability of

P(signal S, was transmitted|r) = P(sm |r>

f) The probability of error of higher dimensional signals is lower than lower dimensional
signals, but higher dimensional signals require more bandwidth : True, under the
conditions same average energy usage, higher dimensional signals have greater minimum
distance between the signal vector ends, but since the same time interval is more sliced,
higher dimensional signals require more bandwidth.
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