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Questions

1. (70 Points) The related constellation is given in Fig. 1.1.

a. Identify the type of modulation and dimensionality in this constellation. Write and plot
the mathematical expression for the basis functions, v, (t), w,(t), write for the signal
vectors s, ---s,, write and plot the corresponding signal waveforms of s (t)---s,(t). Find

the distance between signal vector ends. Determine the total energy used if all signals are
sent from the transmitter with equal probability.
b. Find the probability of error and decision regions via the evaluations of correlation

metrics C(r, s, )for s, and s,. Comment on how the probability error of the rest of the
signals will be related to that of s, ands,.

s WZ( t ) Constellation for Q1
4 S, s, ECE 632 MT - 17.11.2015

k ___________________
N
|
|

S, :
-
\
\
|
.

”
s, ¥o-——---———fo—mo--2

Fig. 1.1 Constellation A.

Solution : a. Looking at the constellation in Fig. 1.1, we see that the signal vector lengths, thus
the related energies are unequal and the signal space in this constellation contains two
dimensions, thus constellation A is QAM.

By adapting the following orthonormalized basis functions,

N2IT 0<t<T/2 N2IT TI2<t<T
l/ll(t): (//2('[)=

: . 1.1
0 otherwise 0 otherwise
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Fig. 1.2 The orthonormalized basis functions for Q1.

By using (1), Figs. 1.1 and 1.2 we obtain the followings for the time waveforms of s, (t)---s,(t)

s, (¢)

— A2

A sz(t) A sa(t) A SA(t)
— A2 — A2 — A2
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o > ! » t >
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Fig. 1.3 Time waveforms ofs, (t)---

v

— A2

s, (t) for Q1.

A2

The related time waveform expressions for s,(t)---s,(t) are given in (1.2).
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0<t<T/2
O otherwise

Sl(t): A\/.lTl//l(t) Sy :[311' S12]:|:A\/-F' O:| v G :||S1"2 = AT

0 otherwise

T/2<t<T
0 otherwise

{ OSIST ’ Sz(t)ZAﬁW1(t)+AﬁV/2(t) , 52:[521, SZZ]Z[A\/-F, A\/-|T:| v 6y = S5

s,(1) = AVTw, (t) , s, =[5, S, ] = [o A\/_], g, = AT

~AV2  0<t<T/2
s, (t)= Af TI2<t<T 5, () ==AVTy, (1) + ATy, (1) 1 5, =[50 5. ]=[-AVT, AVT |, 5, =2AT

otherwise
~AV2 0<t<T/2 F . 2
0 otherwise 5 (1) =-AVTy, (1) . s, =[s., Ssz]=|:_A T OJ &, = AT
A2 0<t<T
{0 otherwise 5 (6) =~AVTY, (1) = AVTw, (1) 5, =[sa Sez]:[_A\/TT, —A\/'FJ , &, =2AT
A2 T/l2<t<T
{0 otherwise , 37( ):_A\/—V/z( ) » S, [ 711 72] |:0 —A\/—:| , gS; = AT

A2 0<t<T/2
s,()=1-AV2  T/2<t<T | 5(t)= AV2y, (1)~ AV2p, (1) , 5, =[5, 8] =[ AV2, —AV2], &, =2AT (12)

0 otherwise

The total energy used if all signals are transmitted with equal probability, E, =4x AT +4x2A T =12A°T

The distances between signal vector ends are given in (1.3)

d,=d,=d, =d,_=d,=d, =AJT

d,=d,=d, =d,=AJ2T

d, =d, =d,=d, =d, =d =2AJT

d, =d, =2AJ2T

d, =d, =d, = AJ5T (1.3)
b. Looking at constellation A, we see that there are two types of decision boundaries. They can

be described by examining the cases of s, and s,. The received vector, r that we supply to the
detector for the two cases will become

r, :{rn}z AT + n, T, =|:r21i|= A\/-IT"‘nl (1.4)
LIPS n, I A\/'F+ n,
Based on ECE 588MT-06042015 Solutions, it is sufficient to evaluate correlation metrics

C(r,s,)atm=1 2,85 for s, C,(r,s,)atm=1 23,6 and for s,, the others will be
covered in these analyses.
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A\/'F+n

2

m=1, C,(r,s,)=2s,-1r,—|s,| =2[A\/'IT, O][

1}— ATT = AT +2An~T

m=2,C/(1,s,)=2s,1,—[s,[ =2 AVT, A\/?]{A‘ﬁ”l}—zm = 2An~T +2An T

2

m=5, C,(r,5,)=2s,-r, -5, =2[ -AVT, O}F*FH‘} AT = -3AT —2An T

2
m=8, C,(r,5,)=2s,-1, -5, =2[ AVT, —Aﬁ][Aﬁm}zNT = 2An~T —2AnT

A\/'?+n1
Ax/'F+n
Af+n
Aﬁ+n
A\/_+n
A\/'IT+n
Af+n
A\/_+n

m=1, Cz(rz’ Sl)zzsl'rz _”31”2 = Z[A\/-IT' O]I:

} ATT = AT +2An~T

m=2, C,(r,,s,)=25,,~[s, [ =2[ AVT, A‘/_][

] 2ATT = 2A°T +2An T +2AnT

m=3, C(r,s,)=2s,1,-[s, =2[0, Aﬂ{

] AT = AT +2AnT

m=6, C(r,s,)=2s, 1, -5, =2[ ~AVT, AJ_][ } 2ATT =6 AT —2AnT —2An\T (1.5)

To get the correct decision regions we must have

Fors, :C,(r,s,)>C/(r,s,), C(r,s,)>C/(r,s,), C(r,s,)>C/(r,s)
Fors, :C,(r,s,)>C,(r,s,), C,(r,,s,)>C,(r,5s,), C,(1,,8,)>C,(r,5s,) (1.6)

Hence, we get the following inequalities

LN A
C.(1,s)>C(r,s,) : AT +2AnT > 2An T +2An,\T — AVT >2n, —0.5r,-05n, >,
C.(1,8)>C/(r,s,) : AT +2AnT > -3AT -2AnNT — 1, >0
C.(r,s)>C/(r,s,) AT +2An~T >2AnT —2AnT — —05r,+0.5n <,

r,-AJT
1S, P 2A°T +2AnAT +2AnNT > AT +2AnT > AVT +2 n, >0 -1, >05AT

C,(1,,5,)>C,(1,,8,) : 2AT + 2AnNT +2An,NT > AT +2An,\T — 1, >05AJT
C,(1,,8,)>C,(1,8,) : 2A7T +2AnT +2AnNT > 6ATT —2AnNT —2An T — 1, >, (1.7)
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Fig. 1. 5 Intersection of correct decision region for conditions in (1.7). for s, .
r
22 P F
4 Region for y
ot
ry,>0.5 AVT / Region for
r,>-r
\ | ‘ ‘ | | Region for 2 2
—r, >05AVT /
A /4
. ! (
> 151 > I Rt
05AVT
CU - ECE 632 MT - 17.11.2015 Page 5



Fig. 1. 6 Regions for conditions in (1.7) for s, .
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Fig. 1. 7 Intersection of correct decision region for conditions in (1.7). for s, .

Signal vectors, s, s,, s, and s, will have identical correct decision regions, thus the probability
of error for s,, s,, s, and s, will be the same. On the other hand, signal vectors,

S,, S,, S, and s,will have identical correct decision regions, thus the probability of error for
S,, S,, S, and s,will be the same.
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2. (30 Points) Answer the following questions as True or False. For the False ones give the
correct answer or the reason. For the True ones, justify your answer

a) PSK arranges the distribution of signal vectors over a signal space diagram of 3
dimensions : False, PSK is 2 dimensional.

b) ASK has the worst probability of error performance : Correct, according to results of
Exercise 6.2 of lecture notes entitled, " Notes on Dimensionality of Signals_Sept
2012_HTE".

c) QAM is used in radio links : True, since QAM uses the signal space diagram more
efficiently than ASK and PSK.

d) For multidimensional signals, the complexity of the demodulator increases : True, since the
number of branches in the correlator or matched filter increases.

e) The construction of the demodulator depends on the dimensionality of the transmitted
signals and is not related to modulation type : True, according to Figs. 5.2 and 5.3 lecture
notes entitled, " Notes on Dimensionality of Signals_Sept 2012 _HTE". But in the
evaluation of correlation metrics values, knowledge of modulation type is essential.

f) Detection means the evaluation of C(r, s, ) correlation metrics values and deciding on the

minimum : First part is true, according to (6.9) of lecture notes entitled, " Notes on
Dimensionality of Signals_Sept 2012_HTE", but as seen from there, max is chosen, not the
minimum.
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